Abstract-We address the problem of cooperative conflict resolution for multi-vehicle motion planning in mixed-traffic scenarios, where automated and manually-driven vehicles coexist. We propose a novel solution based on reachability analysis, which provides the drivable area of each collaborative traffic participant. Overlapping drivable areas are redistributed so that each traffic participant receives an individual area for motion planning. We do not stipulate a specific method for predicting the future motion of non-communicating traffic participants. Furthermore, uncertainties in the initial states of the cooperative vehicles, e.g. due to sensor noise, can be easily integrated. A byproduct of our approach is that collaborative groups can be automatically found by identifying conflicting drivable areas; if no conflict exists, collaboration becomes unnecessary. We demonstrate the redistribution of drivable areas with two numerical examples.
I. INTRODUCTION
Collaborative motion planning of various automated road vehicles is clearly superior in terms of achievable safety and comfort compared to computing individual motion plans. This is because individual motion planning is a special case of collaborative planning when vehicles are not communicating. Many promising approaches for multi-vehicle motion planning have been developed; however, dealing with mixed-traffic situations and uncertainty is still an open research topic. We propose a unified approach for cooperative conflict resolution based on the computation of drivable areas where automated and manually-driven vehicles share the road. We first review literature concerning specific applications like intersection management and merging; after, we discuss priority-based, market-based, and reservation-based approaches.
Much work on cooperative motion planning has been devoted to road intersections, since these are hotspots for traffic accidents. Collision avoidance at intersections using V2V-communication for cooperation is investigated in [1] under the consideration of model uncertainty and communication delays. Colombo et al. [2] solve scheduling problems to ensure safety during intersection passages.
Another line of research is the design of cooperative lanechanging and merging strategies. In [3] , it is discussed how V2V-communication can be utilized for cooperative decision making: a distributed receding horizon control framework is set up to solve tasks of platooning and cooperative merging. Further lane-changing and merging control algorithms for platoons of vehicles are developed in [4] , [5] .
Frese et al. [6] exploit priority-based motion planning to decouple the multi-vehicle motion planning problem, such that trajectory planning can only be conducted for single vehicles. This decreases the computational complexity; however, the solution space is reduced. Bekris et al. [7] combine a sampling-based motion planner with a priority-based coordination scheme, which is compared with a message-passing protocol for distributed constraint optimization. Moreover, priority-based algorithms for intersection management and traffic flow control are elaborated in [8] - [10] .
Recently, market-based approaches have received major interest for multi-vehicle coordination, since they allow the incorporation of individual as well as global objectives, making it useful to balance self-interested and collective goals. In [11] , maneuver plans are negotiated and refined via model predictive control. Auction-based coordination strategies for intersections can be found in [12] - [14] .
Finally, we review literature concerning reservation-based algorithms [15] - [18] , where communicating vehicles reserve some sort of space-time slots by requesting them via a supervisor. It must be guaranteed that the space-time slots are not occupied by more than one vehicle in order to ensure safety. In [15] - [17] , reservation-based algorithms are applied to intersections; [15] in particular divides the intersection into tiles which can be allocated to communicating vehicles. Marinescu et al. [18] implement a slot-based approach for the merging of on-ramp traffic. They propose combining the hierarchical approach of exploiting vehicle-to-infrastructure communication with the decentralized approach of utilizing inter-vehicle communication for vehicle coordination.
We propose an algorithm related to the idea of reservationbased algorithms. In contrast to previous work, we distribute drivable areas of cooperative vehicles such that overlapping drivable areas are unambiguously reallocated to single cooperative vehicles. The computation of the drivable areas is based on reachability analysis, which allows us to not only compute a set of drivable positions but also to determine the maximum velocity range to reach a distinct set of positions. Thus, we are not restricted to distributing complete road segments among the collaborative vehicles, but we can precisely resolve conflicts. Our approach reduces the search space when planning coordinated maneuvers for multiple vehicles, since the trajectory of a single vehicle is restricted to its associated drivable area. Thus, the computational complexity of multivehicle motion planning can be decreased. Our method is suitable for identifying collaborative groups of vehicles for which motion planning can be conducted jointly. Moreover, it is possible to detect if collaboration with a cooperative vehicle becomes unnecessary. Since our method is set-based, the consideration of uncertainty in the initial position or velocity of the cooperative vehicles, e.g. due to sensor noise, is automatically supported. Our approach is applicable to mixedtraffic scenarios, where automated vehicles and human drivers co-exist.
The remainder of this paper is organized as follows: Sec. II introduces the problem statement and Sec. III presents the basic idea. A comprehensive description of our applied methods and our proposed algorithm is provided in Sec. IV. Sec. V demonstrates our approach on two numerical examples, followed by the conclusion in Sec. VI.
II. PROBLEM STATEMENT
Let us introduce as the placeholder for a variable and n to denote the value of the corresponding variable of the n-th cooperative vehicle, n ∈ N := {1, 2, . . . , N}. The system dynamics of the n-th vehicle is described by the differential equationẋ
where x n is the state, u n is the input, and t is the time. All possible initial states and the admissible inputs are bounded by sets: x n (0) ∈ X n,0 , ∀t : u n (t) ∈ U n . We further introduce the solution of the differential equationẋ n (t) = f n (x n (t), u n (t)) as χ n (t; x n (0), u n (·)), where u n (·) refers to the input trajectory.
The reachable set of the systemẋ n (t) = f n (x n (t), u n (t)) is usually defined as the set of all states which can be reached from an initial set X n,0 at time t. However, the vehicles generally move in a structured environment cluttered with (time-dependent) obstacles represented by the set O(t) ⊆ R 2 . Since we require the absence of collisions, each vehicle must not enter the set of forbidden states
where Q n (x n (t)) ⊆ R 2 denotes the occupancy of the n-th cooperative vehicle. Therefore, we restrict the reachable set R n (X n,0 , t) of the n-th vehicle to the set of states that can be reached without any collision with the obstacle set O(t):
The drivable area D n (X n,0 , t) of the n-th vehicle is given by the reachable positions at time t. We introduce the projection operator proj() to project a set of states to the position domain. Definition 1 (Projection): Given that x(t) ∈ X contains the position s x (t) and s y (t) in x-and y-direction, we define the mapping from a set of states X ⊆ X to the set of positions as
Definition 2 (Drivable Area): The drivable area D n (X n,0 , t) of the n-th vehicle is defined as the projection of its reachable set R n (X n,0 , t): D n (X n,0 , t) := proj(R n (X n,0 , t)). The collaborative vehicles do not only have to avoid the set of forbidden states F n (t), but they also have to prevent accidents among each other. Given the drivable areas D n (X n,0 , t) of N collaborative vehicles at time t, the occupancies of the vehicles may overlap (see Fig. 1 ). The overlapping region defines the area where conflicts potentially arise and a collision may occur. Thus, the drivable area D n (X n,0 , t) can be partitioned into a conflicting and a non-conflicting region.
Definition 3 (Conflicting Drivable Area): We introduce the conflicting reachable set R C n (X n,0 , t) ⊆ R n (X n,0 , t) as the set of states x n (t) ∈ R n (X n,0 , t), where the occupancy Q n (x n (t)) of the n-th vehicle potentially intersects with the occupancy Q k (x k (t)) of another cooperative vehicle k ∈ N \ {n}:
The conflicting drivable area D C n (X n,0 , t) of the n-th vehicle is then the projection of its conflicting reachable set R
The conflict-free drivable area of the n-th vehicle is
The goal of our approach is the reallocation of D C n (X n,0 , t) so that each cooperative traffic participant receives an individual area for motion planning. Henceforth, we will refer to the redistributed drivable area of the n-th vehicle as D R n (X n,0 , t). Definition 5 (Redistributed Drivable Area): We define the redistributed drivable area as
where E n (X n,0 , t) ⊆ D C n (X n,0 , t). It holds that the interior of the redistributed drivable areas of all cooperative vehicles is pairwise disjoint.
III. BASIC IDEA The starting point of our approach is the computation of the drivable areas D n (X n,0 , t) of each cooperative vehicle (see Fig. 2a ). Since a conflict requires at least two different vehicles, the set of all conflicting subsets of vehicles is P ≥2 (N ), where P ≥2 (N ) denotes all subsets of the power set P(N ) with cardinality greater than two. We demand that the vehicles staying in a conflict form a coalition ψ r to solve it.
Definition 6 (Coalition): Let us introduce the relation g : {W 1 , W 2 , . . . , W e } → (W 1 , W 2 , . . . , W e ) to convert the powerset P ≥2 (N ) := {W 1 , W 2 , . . . , W e } into a tuple. The tuple Ψ := g(P ≥2 (N )) is the ordered list of all unique subsets of vehicles which may have conflicting drivable areas. Henceforth, we refer to the r-th element ψ r ∈ Ψ as a coalition.
For instance, if we have N = {1, 2, 3}, the tuple Ψ is:
We assign a negotiable drivable area D N (ψ r , t) to each coalition ψ r . To this end, we simplify the determination of D N (ψ r , t) and neglect the shape of the vehicles such that Q n (x n (t)) = x n (t). This reduces the problem to the detection of overlapping regions (see Fig. 2b ). Definition 7 (Negotiable Drivable Area): We define the negotiable drivable area for each coalition ψ r ∈ Ψ as
The members of the coalition ψ r can distribute the negotiable drivable areas D N (ψ r , t) among each other. The redistribution of the sets D N (ψ r , t) can thereby be subject to a specific redistribution strategy, which e.g. minimizes a cost function J (see Fig. 2c ).
The search for a feasible trajectory for each cooperative vehicle can be limited to its redistributed drivable area D R n (X n,0 , t). This can reduce the computational complexity of multi-vehicle motion planning, since the n-th vehicle may only cause a collision with obstacles O(t) and other cooperative vehicles N \ {n} close to the border of D R n (X n,0 , t). Especially, when one considers that a huge variety of combined trajectories of the collaborative vehicles can be excluded, since these combinations would lead to a collision. Our method reduces the set of trajectories which can be excluded, before motion planning. This can speed up the search for cooperative maneuvers.
Moreover, cooperative groups can be identified through D N (ψ r , τ): if there exists a τ ∈ [0, t] such that D N (ψ r , τ) = ∅ holds, the vehicles belonging to the coalition ψ r should plan their motion jointly.
IV. METHODOLOGY AND ALGORITHM
We apply an iterative approach which redistributes the drivable areas of the cooperative vehicles at discrete points in time t i . During each iteration i, three steps have to be executed: There are three main challenges to be addressed: the efficient computation of the reachable set R n (X n,i−1 , t i ), the efficient assignment of the conflicting drivable areas D C n (X n,i−1 , t i ) to a coalition ψ r , and the choice of the redistribution strategy.
The reachable set R n (X n,i−1 , t i ), more specifically D n (X n,i−1 , t i ), cannot be computed efficiently for general system models f n (x n (t), u n (t)) in the presence of arbitrary obstacles O(t). The overapproximation of the reachable set R n (X n,i−1 , t i ) constitutes a compromise between computational efficiency and accuracy; we use the approach presented in [19] (see Sec. IV-B).
Since we neglect the shape of the cooperative vehicles and model them as moving point masses, we are able to apply fast algorithms from the field of computational geometry to assign the conflicting drivable areas D C n (X n,i−1 , t i ) to the coalitions ψ r (see Sec. IV-C).
The choice of redistribution strategy highly influences the overall performance of the approach. In this paper, we select a strategy which should ensure that (see Sec. IV-D):
• the negotiable drivable areas D N (ψ r , t i ) are fairly allocated, such that all vehicles have equally sized drivable areas • the redistributed drivable areas D R n (X n,i−1 , t i ) are con-nected. The calculation of the drivable areas is based on models that are subsequently introduced and can be performed in a centralized or decentralized fashion. However, we assume that all computations are executed in a common coordinate system.
A. Vehicle and Obstacle Models
We model the dynamics of the cooperative vehicles as two double integrators with bounded velocity v and acceleration a. Let us introduce x and y to denote the value of the corresponding variable in x-and y-direction, respectively. After further introducing the notation and to specify the minimum and the maximum possible value of a variable, the dynamics is
|a n,x | ≤ a n,x , |a n,y | ≤ a n,y .
The system dynamics of the obstacles is not restricted to any specific model. Moreover, we do not stipulate a particular method for the prediction of the occupancies of other traffic participants. Thus, any prediction supporting collision checks can be used, e.g. [20] .
B. Computation of Drivable Areas
We compute the reachable set R n (X n,i−1 , t i ) of each cooperative vehicle at time t i based on the set of states X n,i−1 of the previous time step t i−1 as presented in [19] and recall the main results of [19] in this subsection.
Pontryagin's principle is applied to calculate the boundaries of the reachable set of the n-th vehicle, ignoring the forbidden region F n (t i ). Since the states of system model (2) are decoupled in longitudinal and lateral direction, their evolution over time can be computed separately. Two optimization problems are formulated in the x-and y-direction: given a specific terminal position, the objective is to maximize/minimize the speed at this position at time t. The Pontryagin principle yields a bang-bang input candidate solution with a single switching time. The velocity constraints (2b) are only considered at terminal time t. This results in an overapproximation of the reachable set, since the velocity constraints may be violated during ]t i−1 , t i [.
The lateral and longitudinal dynamics have to be considered jointly for the computation of R n (X n,i−1 , t i ), since it must be determined which states x n (t i ) are within the set of forbidden states F n (t i ). Söntges et. al [19] use the union of base sets B (q) n,i , which are the Cartesian product of two convex polytopes in the (s x , v x )-and (s y , v y )-plane, to overapproximate R n (X n,i−1 , t i ) in a computationally efficient way:
The projection of the base sets B n,i is pairwise disjoint [19] and the union of rectangles A (q) n,i is an overapproximation of the drivable area D n (X n,i−1 , t i ):
C. Assignment of Drivable Areas to Coalitions
Next, the negotiable drivable areas are determined. We exploit the fact that the drivable areas A n,i := {A (1) n,i , A (2) n,i . . .} are represented by axis-aligned rectangles (see Fig. 3a ) and use a sweep line algorithm [21] , [22] , known from the field of computational geometry, to conduct the following tasks:
1) the detection of overlapping axis-aligned rectangles (see Fig. 3b ), 2) the division of the drivable areas ∪ n∈N ∪ q A (q) n,i into the conflict-free and the negotiable drivable areas A ψr ,i ∈ A N ψr ,i , whose interior is disjunct (see Fig. 3c) . 
D. Negotiation of Drivable Areas
Finally, the negotiable drivable areas A N i are redistributed. Our applied method is related to the Nearest Centroid Classifier [23] : given a set of distinct clusters with associated class labels, a new observation is classified according to the class label of the nearest cluster centroid.
Here, each cooperative vehicle is considered a single class; therefore, the set of class labels is N . Furthermore, each connected component of the conflict-free drivable area A n,i , respectively (see Fig. 4 ). The connected components of the drivable area of a single vehicle are determined through a sweep line algorithm, which detects pairs of rectangles A whose boundaries intersect [22] , [24] . The cluster centroids are computed by geometric decomposition:
where A
F(l)
n,i belongs to the k-th cluster of the n-th vehicle. The operators centerX( ), centerY( ), and area( ) return the x-and y-coordinates of the center and the area of an axisaligned rectangle , respectively.
After agreeing that the set C n,i := {c
n,i , . . .} contains all cluster centers c (k) n,i of the n-th vehicle at time step i, we denote the collection of all subsets C n,i as
ψr ,i ∈ A N ψr ,i is assigned to the vehicle n ∈ ψ r with the nearest centroid c (k) n,i (see Fig. 4 ): 
n,i−1 , . . .} of the previous time step i − 1 under consideration of F n (t i ) using the approach of [19] (Alg. 1, line 3) .
Then, the coalitions ψ r ∈ Ψ and their corresponding negotiable areas A N i , as well as the conflict-free areas A for i = 1 to T do 3:
end for 7: end function 
V. NUMERICAL EXAMPLES
We show the application of our algorithm on two highway scenarios: in the first example, we only consider collaborative vehicles, whereas in the second example, we take mixed traffic based on recorded traffic data into account.
A. Scenario I: Traffic with Self-Driving Vehicles
In our first example, we consider four collaborative vehicles as depicted in Fig. 5 , which have to pass a narrow passage caused by two static obstacles. The parameters for the drivable 
(a) Conflict-free drivable areas A Furthermore, it can be identified that the drivable areas of vehicles 2 and 3 are in conflict first (see Fig. 5a at time instance 1.5 s). The conflict is resolved by giving vehicle 2 precedence over vehicle 3 to pass the obstacle in its current lane, which is automatically initiated by our approach. At a later stage, the drivable areas of vehicle 1 and 2 overlap; however, there is no change in the driving strategy, meaning that vehicle 1 stays in front of vehicle 2.
B. Scenario II: Mixed Traffic
We further demonstrate the applicability of our algorithm on the mixed-traffic scenario C-NGSIM US101 1 based on the NGSIM US from the CommonRoad 2 benchmark collection [25] . As shown in Fig. 7 , there are four collaborative vehicles for which we compute the drivable areas based on the parameters given in Tab. II. The drivable areas of the vehicles are thereby restricted to five lanes, since we do not consider the highway on-ramp. We use the recorded trajectory data for the prediction of the obstacle movement and enlarge their rectangular shape to simulate uncertainty. However, any prediction which supports collision checks with axis-aligned rectangles can be applied. We first analyze if there is the need for cooperation and compute the drivable areas of each collaborative vehicle using the approach of [19] . As shown in Fig. 6 , the overapproximated drivable areas of vehicles 1, 2, and 3 overlap almost entirely at time instance 2.0 s (see A C(ν) n,i in Fig. 6 ). This indicates that a vast majority of combined trajectories of the collaborative vehicles lead to a collision among each other.
In contrast, when applying our proposed method, the propagated drivable areas are negotiated at each time step i such that they do not overlap. Moreover, high-level driving strategies are determined before motion planning (see Fig. 7 ): Vehicle 1 merges in front of vehicle 3. Vehicle 4 follows vehicle 3, whereas vehicle 2 may stay behind vehicle 3 or may drive behind vehicle 4 (see Fig. 7 at time instance 3.0 s). As can be seen, our approach works for complex traffic scenarios and efficiently distributes the drivable areas.
VI. CONCLUSIONS
We present a new approach for cooperative conflict resolution based on the negotiation of drivable areas, wherein the computation of drivable areas is based on reachability analysis. Our method is suitable for reducing the search space for motion planning given the assumption that the admissible trajectories of a cooperative vehicle must be contained in its redistributed drivable area. An important aspect of our method is the independence of specific obstacle representations. In the future, we plan to investigate different negotiation strategies to extend our approach to arbitrary road networks. Furthermore, we want to integrate individual objectives during the negotiation phase, e.g. by using auction-based approaches [11] , [26] . 
